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Formulas are obtained for the local and average angular radiation
coefficients for a pair of coaxial cylinders of finite length.

This paper is concerned with the determination of
local and average angular radiation coefficients of a
radiating system consisting of four bodies (zones),
namely, a pair of concentric cylinders of finite length
L (inner cylinder—body 1, outer cylinder—body 2) and
two bases (bodies 3 and 4) in the form of parallel
rings of width 6 =ry ~ r; , where r; and ry are the
radii of the inner and outer cylinders, respectively.

The investigation consists of an analysis of the
equations of closure and reciprocity for the local
and average angular radiation coefficients and the
derivation of expressions for determining them and
also includes a numerical calculation of the average
angular radiation coefficients [1-5].

The investigation as a whole is systematic in char-
acter, since all thelocal and average angular radiation
coefficients required for the subsequent numerical
determination and investigation of the local radiative
heat transfer characteristics of the radiating system
are determined [6, 7],

It should also be noted that both the formulas ob-
tained for the local and average angular radiation
coefficients and the results of the numerical calcula~
tions based onthese formulas were repeatedly checked
on the basis of the closure equations for the local
coefficients and the closure and reciprocity equations
for the average coefficients,

In this investigation we have relied chiefly on the
contour integration method proposed by Fok {3]. The
available data relating to a radiating system of the
type considered are disjoint and incomplete, In [5]
only one expression is given in finite form, for the
average angular coefficient of radiation from the sur-
face of the outer cylinder onto itself (¢,y). The same
source includes the data of an approximate numerical
calculation for the average angular coefficient of radi-
ation from the surface of the outer onto that of the
inner cylinder, However, no expression in finite form
for calculating this coefficient (@4) is given,

We have derived formulas in finite form for deter-
mining the nine principal local and five average angu-
lar radiation coefficients, including that for the coef-
ficient ¢,;. )

Determination of the local angular radiation coef-
ficients. The closure equations of the system are
widely used in numerical calculations of the local

angular radiation coefficients. In the given case of

a radiating system consisting of four bodies (zones),
three of which are nonconcave (¢(My, F1) = ¢(M;, F3) =
= p(My, Fy) = 0), these equations take the following
form:

@ (My, Fa) +0 My, Fy + oM, F)=1,
oMy, F) +
T oMy, Fo) @My, Fo) 4+ @My, F)=1,
QMs, Fi) +o My, Fo) + (Mg, Fi) =1,
@My, Fy) + @My, Fo) + @My, Fg) = 1. (1)

These four equations contain 13 different angular
radiation coefficients, the calculation of whichrequires
at least nine formulas for different local angular ra-
diation coefficients. Then the remaining four local
angular radiation coefficients can be determined on
the basis of the closure equations. But in this case
these equations can no longer be used for checking the
numerical calculations, However, in view of the axial
symmetry of the system, we can obtain several addi-
tional equations reflecting the symmetry conditions.
These equations for like points M3 and M, belonging,
respectively, to surfaces Fj and F, take the following
form:

o Ms, F) =9 M FiYy @ Ms, Fo) =0 @M,y Fo);
O M, Fo) =@ (My, Fy). (2)

On the basis of the three equations of (2), the num-
ber of local coefficients subject todirect determination
can be reduced from nine to seven, but not to six,
since by virtue of (2) the last two of the equations in
(1) coincide,

Moreover, as a result of the reciprocity equation
for ring elements on the surfaces of the inner and
outer cylinders

@ My, Fy)dF, =@ (M,, Fy) dF,, (3)

which is valid for like points M; and M, belonging,
respectively, to surfaces F; and F,, we obtain the
following relation:

e My Fp) =r,9M,, Fy), (4)

since dFy = 27rydl; dFy = 27redl.

Thus, the number of local angular coefficients
subject to direct determination is reduced to six.
However, to retain the possibility of checking the
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numerical calculations with the closure equations,
expressions were obtained for the nine principal local
angular radiation coefficients, In this case, all the
closure equations can be used for checking the results
of numerical calculations of the local angular coef-

ficients based on the corresponding formulas for

determining ¢(Mj, Fi), which, in their turn, can be

checked on the basis of the closure equations.

Basic formulas for determining the local angular
coefficients. These formulas, obtained chiefly by
contour integration [3] and partly by the classical
integral method [2], have the following form:

(p(M3, Fl) =

L[am tg H(My)—N(My) arc tg S (Ms)} (13)
I

where

A(Mz)—l/1+l nz—l;

C(M)h t,l l“lr 2):

Vl

o (M, F) = 1~[P(M» arc tg B(M;) +.

+ P, (M,) arc ig B, (Mz) +
+n (arc tg C(M,) + arc tg C;, (M) — —21— arc cbs n)], (5)
oMy, F=1—— [K(Mg) arc tg AM,) -+
4 Ky (My) arctg A (M) +n ( arc tg—é— C(My) +
+ arc tg«fl?Cl(Mz)——l arc cos n)] (6)
PM,, Fy) = —:—cl—[K(Mz) arc tg A (M) —
— P(M,) arc tg B(M,) —
—n arc tg D(My) —-12’}‘—’ arc cosn ], (7)
0y F) = | KM arete 4,00
— Py (M,) arc ig B'1 (My)—
—n arc tg D; (My)— —lzﬂ— arc cos n ], (8)

1 i L,
@My, F3)=n[arctgm— + 5" arc cos n—

P My
- arc tg B(M) |, 9)
M,, F ! t 1 .M
¢ (My, 4)—7 are gml—) b g arc cos n—
o) arc tg B, (M) 1, (10)

¢ M;, Fo) = L [% arc cos n -+ N (M,) arc x
n

x tg S(My) —I(My) arc tg E(Ma)], (11)
@ (Ms, Fj) =
—lﬂ— (I (M) arc tg E (Mg +arc tg GM)), (1)
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D(My) = _IM____ Vi—n®
2(l—r?) 1y,

ljm‘T(H—n)zl/l—i—n.
B(Mi)=l/ Lra—mV 7w

L, +2
KMy = 2.
(M) T
Pyl £ =D

VG, +ni1)P— 4n2;

Ear) =1/ gt Qe
l}u, + (1‘“PM,)2
V1~nVBM +n+V1+nVp, —n
Vi +nVoy,+n—VI—nVo, —n

T O, + 1
Sy =, “T@M‘Tn) H)
H M=/ %M%‘

Ms
G () — VitnVoy +r+VIi—nVpy,—n .
T VI —nVoy +n—V1+tnVpy —n
+ 241
I(M,) = "sz 2
V@, T ET P40y,
pz + 2 —n?
N(My)= Hs

V {03, +F + o —an® piy,

The quantities A;(My), By(Mj), Cy(Mj), Dy(M,),
K;i(Mj), and Py(Mj) in formulas (5)—(10) are deter-
mined using expressions obtained, respectively, from
the values for A(My), B(M;), C(Mj), D(My), K(My),
and P(Mj) by substituting I -~ Iy for 1.

The dimensionless parameters (n, 1) of the system
and the dimensionless coordinates of the point M, at
which the emitting element dF is located, are defined
as follows: n =r;/r,y is the ratio of the radii of the
inner and outer cylinders; ! = L/r, is the dimension-
less length of the cylinders; L is the cylinder length;
IM = zp/T2 is the dimensionless variable coordinate
of the point M along the generatrix of the cylinder;
z is the variable coordinate of the point M reckoned
alongthe generatrix from the end face 3; py = XM/ is
the dimensionless variable coordinate of the point M



along the radius of the end face; and x)p is the variable
coordinate of the point M reckoned along the radius of
the end face from its geometric center,

Determination of the average angular radiation
coefficients. In the system in question, there are
13 average angular radiation coefficients subject to
determination, related by the following four closure
and six reciprocity equations:

Pzt P+ Pe=1, ¢;=0,
Poy-+ Pag + oy + oy = 1, (14)
P31 T Psz T Paa=1; g3 =0,
Gt Qe+ Q=1 @u=0,
G2 F1 =@ Fay @ufi=@uFs @uFy=qyuFy
PosFo =@ Fy; @oiFs =@ufFys oufa=q¢uf. (15)

Moreover, we have the following equations derived
from the symmetry conditions: @4 = @13; @24 = @23
P31 = Pty P12 = P32, P34 = P43 Of which only the first
two are independent, the rest being simple corollaries
of the reciprocity equations. In fact, since F3 = Fy,
from reciprocity equations of the form ¢3Fy = @31 F3,
P1F1 = 0¥y @25F2 = 032F3, 924F2 = ¢4oF4 we obtain

P14 Pay Pas Qag
Since by symmetry @14 = @i3; @24 = @23, from relations
(16) we find gy = @y} @32 = Q4. Moreover, from the
reciprocity equation @g,F3 = @F, it follows directly
that @34 = @43.

Thus, bearing in mind that for the system inquestion
we have three closure equations* and six reciprocity
equations, together with two independent equations
which follow from the symmetry conditions, we con-
cludethat to calculate all 13 average angular radiation
coefficients, we must have available two computational
expressions for the missing pair of the 13 coefficients.

Expressions for five different (principal) average
angular radiation coefficients are presented below.
Therefore, three closure or reciprocity equations are
available for checking the numerical calculations.

The expressions for the average angular radiation
coefficients obtained by the classical integral method
[2] have the following form:

(p21=;1—(2n arctg cfe arctg b —
T

—n? |
1 —n arctgf—% arc cosn), (17)

csz=l—}«»l—(larccosn—l/lz—i-ll><
7t .

x arc tg a —2n arc tg%), (18)

%3_—_?1_(]/12-*-4 arc tga—earc ig b +
n

l___2
+ n

arc g f—2n arc tgd——; arc cos n), (19)

P13= L ~—1—[arc tg ¢ +—1—— (e arc tgb—
2 4 2n

1 —n?

arctgf —LQ arc cos n )il (20)

Pg=1— %arc tgf—

- ! [n———2—(2narctgc+e arc g b —

1 —n? 7
__;-]/12+4 arc ig a —n arc tgé—”, (21)
where
) I - L.
a—l/l-l‘-‘—l—z—l/n—z——l, (4 V'l—:—n2’
b == B4+ 1 +npk 1—n.
B (I —<np 157
d=_LV1=n®
2(1—nh) +
e=—1~1 E+nt 1P —4n’ = L
1 k i 1—n

The results of numerical calculations of the aver-
age angular radiation coefficients for values of the
parameters [ =1, 2, 4 and n =0,01; 0.1; 0,25; 0.5 are
presented in the table,

In the limit as n =ry/ry — 0 the coefficients @y,,
@135 31, and @3 become meaningless, since in this
case we arrive at the essentially different problem of
radiative heat transfer in a radiating system composed
of a cylinder of finite length consisting of three zones
(two bases and a lateral surface), **

Our investigation can serve as abasis for abroader
and more general research involving the determina-
tion of local and average angular radiation coefficients
and the various energy characteristics of radiative
heat transfer [6],

Numerical Values of the Average Angular
Radiation Coefficients

Dik

siz | o3 | ®u | 92 | o | 9a1 | @2 | o

ot

0.50310.249}0.005/0.379]0.30810.005)0.616 0.379
0.52810.236(0.053|0.35210.2980.048} 0.602| 0.350
0.57410.213]0.14310.308 | 0.275{0.114 | 0.587 ] 0.299
0.674{0.163|0.33710.229|0.217 [ 0.217{0.579 0.204

0.7060.14710.007]0.581 1 0.206 | 0.006{0.824 | 0.170
0.726]0.13710.073}0.536|0.196]0.055!0.792}0.153
0.76010.12010.190{0.460|0.175]0.128|0.747}0.125
0.826|0.08710.413]0.329)0.129}0.232{0.688 | 0.080

0.84510.07810.00810.757|0.118 [0.006 | 0.944 | 0.050
0.857]0.07210.086|0.693]0.111j0.058 | 0.897 | 0.045
0.875[0.063 | 0.219|0.587{0.097 | 0.134 | 0.828 | 0.038
0.910]0.045]0.455) 0.406 { 0.069 | 0.240 | 0.740 0.020

o1

—_

o o=

IR~ O cng)]»—-o (510 Sl )

*By virtue of the symmetry conditions, there is no
difference between the closure equations @y + @z +
+@y=1land oy + opt og=1.

**This kind of problem was considered in detail in [7].
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NOTATION

L is the length of the cylinders; ry and r; are the
radii of the inner and outer cylinders, respectively; n
and ! are the dimensionless parameters of the radi-
ating system; F; is the area of the surface i; dFj isthe
area element of the surface i; @(Mj, Fx) is the local
angular coefficient of radiation from the area element
dFj at the point Mj onto the finite surface Fk; o¢ik is
the average angular coefficient of radiation from the
surface Fj onto the surface Fi,
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