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Formulas are obtained for the local and average angular radiation 
coefficients for a pair of coaxial cylinders of finite length. 

This  p a p e r  i s  conce rned  with  the  d e t e r m i n a t i o n  of 
loca l  and a v e r a g e  angu l a r  r a d i a t i o n  coef f i c ien t s  of a 
r ad i a t i ng  s y s t e m  cons i s t i ng  of four  bod ies  (zones) ,  
n a m e l y ,  a p a i r  of c o n c e n t r i c  c y l i n d e r s  of f in i te  length  
L ( inner  c y l i n d e r - - b o d y  1, o u t e r  c y l i n d e r - - b o d y  2) and 
two b a s e s  (bodies  3 and 4) in the  f o r m  of p a r a l l e l  
r i ngs  of width  6 = r2 - r l ,  w h e r e  r l  and r 2 a r e  the  
r a d i i  of the i n n e r  and o u t e r  c y l i n d e r s ,  r e s p e c t i v e l y .  

The i nves t i ga t i on  c o n s i s t s  of an a n a l y s i s  of the  
equat ions  of c l o s u r e  and r e c i p r o c i t y  for  the loca l  
and a v e r a g e  angu la r  r a d i a t i o n  coef f i c ien t s  and the  
d e r i v a t i o n  of e x p r e s s i o n s  fo r  d e t e r m i n i n g  t hem and 
a l so  inc ludes  a n u m e r i c a l  ca l cu l a t i on  of the a v e r a g e  
angu l a r  r a d i a t i o n  coef f i c ien t s  [1-5] .  

The i nves t i ga t i on  as  a whole i s  s y s t e m a t i c  in c h a r -  
a c t e r ,  s ince  a l l  the  loca l  and a v e r a g e  angu l a r  r a d i a t i o n  
coef f i c ien t s  r e q u i r e d  fo r  the  subsequen t  n u m e r i c a l  
d e t e r m i n a t i o n  and i nves t i ga t i on  of the loca l  r a d i a t i v e  
hea t  t r a n s f e r  c h a r a c t e r i s t i c s  of the r a d i a t i n g  s y s t e m  
a r e  d e t e r m i n e d  [6, 7]. 

It should a l so  be noted that  both the  f o r m u l a s  ob -  
t a ined  for the local and average angular radiation 
coefficients and the results of the numerical calcula- 

tions based onthese formulas were repeatedly checked 
on the basis of the closure equations for the local 
coefficients and the closure and reciprocity equations 
for the average coefficients. 

In this investigation we have relied chiefly on the 
contour integration method proposed by Fok [3]. The 

available data relating to a radiating system of the 
type  c o n s i d e r e d  a r e  d i s jo in t  and incomple t e .  In [5] 
only  one e x p r e s s i o n  i s  g iven  in f in i te  f o r m ,  for  the 
a v e r a g e  angu l a r  coef f i c ien t  of r a d i a t i o n  f r o m  the s u r -  
face  of the  ou te r  c y l i n d e r  onto i t s e l f  (~o22). The s a m e  
s o u r c e  inc ludes  the da t a  of an a p p r o x i m a t e  n u m e r i c a l  
ca l cu la t ion  for  the a v e r a g e  angu l a r  coef f ic ien t  of r a d i -  
a t ion  f r o m  the s u r f a c e  of the  o u t e r  onto that  of the  
i nne r  cy l inde r .  However ,  no e x p r e s s i o n  in f in i te  f o r m  
fo r  ca l cu la t ing  this  coef f i c ien t  (~o20 i s  given.  

We have d e r i v e d  f o r m u l a s  in f in i te  f o r m  fo r  d e t e r -  
min ing  the nine p r i n c i p a l  loca l  and f ive a v e r a g e  angu-  
l a r  r a d i a t i o n  coef f i c ien t s ,  inc luding that  fo r  the c o e f -  
f i c i en t  ~21. 

D e t e r m i n a t i o n  of the  l oca l  angu la r  r a d i a t i o n  coe f -  
f i c i en t s .  The c l o s u r e  equat ions  of the s y s t e m  a r e  
wide ly  used  in n u m e r i c a l  ca l cu la t ions  of the loca l  

a ngu l a r  r a d i a t i o n  coe f f i c i en t s .  In the  given ca se  of 
a r a d i a t i n g  s y s t e m  c o n s i s t i n g  of four  bod ies  (zones) ,  

t h r e e  of  which a r e  nonconcave  (~(M1, F1) = ~o(M3, F3) = 
= ~0(M o F4 )=  0), t h e s e  equat ions  t ake  the fol lowing 
f o r m :  

q~ (M~, F~) q-- r (M~, F3) q- r (M~, F,) = 1, 

qD (Ms, F1) + 

+ ,p (M~, F.) + ~ (M~, F3) + ,p (M~, F. )=  l, 

r (Ms, Fa) q- r (M3, F~) -k- r (M~, F4) = I, 

ep(M~, FO-}-cp(M~, F,)-}-~p(M,, F~)=  1. (1) 

These  four  equat ions  conta in  13 d i f f e r en t  angu la r  
r a d i a t i o n  coef f i c ien t s ,  the ca l cu l a t i on  of which r e q u i r e s  
at  l e a s t  nine f o r m u l a s  fo r  d i f f e r en t  loca l  angu la r  r a -  
d ia t ion  coef f i c ien t s .  Then the r e m a i n i n g  four  loca l  
a n g u l a r  r ad i a t i on  coef f i c ien t s  can be d e t e r m i n e d  on 
the b a s i s  of the  c l o s u r e  equat ions .  But in th is  case  
t h e s e  equat ions  can no l o n g e r  be used  f o r  checking  the 
n u m e r i c a l  ca l cu l a t i ons .  However ,  in view of  the  ax ia l  
s y m m e t r y  of the  s y s t e m ,  we can obta in  s e v e r a l  a d d i -  
t ional  equat ions  r e f l e c t i n g  the s y m m e t r y  condi t ions .  
These  equat ions  fo r  l ike  poin ts  M~ and M4 belonging,  
r e s p e c t i v e l y ,  to s u r f a c e s  F 3 and F4 take  the  fol lowing 
f o r m :  

r (M., F~) = ,,p (M4. Fa); r (M,, F~) = q9 (M,. F~); 

cp(M,, F4)=r F~). (2) 

On the b a s i s  of the  t h r e e  equat ions  of (2), the  n u m -  
b e r  of loca l  coef f i c ien t s  sub jec t  to d i r e c t  d e t e r m i n a t i o n  
can be r e d u c e d  f r o m  nine to seven,  but  not  to s ix ,  
s i nce  by v i r t ue  of (2) the  l a s t  two of the  equat ions  in 
(1) co inc ide .  

M o r e o v e r ,  as  a r e s u l t  of  the  r e c i p r o c i t y  equat ion 
fo r  r i ng  e l e m e n t s  on the s u r f a c e s  of the inner  and 
ou te r  c y l i n d e r s  

r (Ma, F2) dF~ = rp (Ms, F~) dF~, (3) 

which  i s  va l id  for  l ike  poin ts  M 1 and M 2 belonging,  
r e s p e c t i v e l y ,  to s u r f a c e s  F 1 and F 2 , we obta in  the  
fol lowing r e l a t i o n :  

r 1 r (M 1, F~) = r~ q~ (M2, Fx), (,4) 

s ince  d F  1 = 27rrld/; d F  2 = 2~rr2d/. 
Thus,  the n u m b e r  of loca l  angu la r  coef f ic ien t s  

sub jec t  to d i r e c t  d e t e r m i n a t i o n  i s  r e duc e d  to six.  
However ,  to r e t a i n  the p o s s i b i l i t y  of checking  the 

525 



n u m e r i c a l  ca lcula t ions  with the c losu re  equat ions,  
e x p r e s s i o n s  were  obtained fo r  the nine p r inc ipa l  local  
angu la r  rad ia t ion  coeff ic ients .  In this case ,  all  the 
c losu re  equat ions can be used fo r  checking the r e su l t s  
of n u m e r i c a l  ca lcula t ions  of the local  angular  coef -  
f ic ients  based on the co r re spond ing  fo rmu la s  for  
de t e rmin ing  ~(Mi, Fk), which, in the i r  turn ,  can be 
checked on the ba s i s  of the c l o s u r e  equat ions.  

Bas ic  f o r m u l a s  for  de t e rmin ing  the local  angu la r  
coeff ic ients .  These  f o r m u l a s ,  obtained chiefly by 
contour  in tegra t ion  [3] and pa r t l y  by the c l a s s i ca l  
in tegra l  method [2], have the following f o r m :  

(M2, Fx) = l_~n [ p (Ms) arc tg B (M~) + 

+ P~ (M2) arc tg B~ (M~) + 

e~ (M~, F2) = 1 - - 1 .  [ K (M~) arc tg A (M~)+ 

+ K,(M~)arctgA~(M~)-}-n(arctg-~C(Ms)+ 

+ arc tg-~- 

v (M,, F~) = --~ [ K (M2) arc tg A (Ms) -- 

--  P (M~) arc tg B (M~) - -  

--narctgD(M~)-- l-~ 'arc cos n ], 

r F~)=  I [ K ~ ( M , ) a r c t g  A~(Ms).-- 

(7) 

--  P, (Ms) arc tg B~ (M2)-- 

- - n  arc l g D  l ( M s ) - - ~ a r c c o s  n , (8) 

1 [ 1 lM, 
(M1, F3) = ~  arc lg C (M1-----~ + - ~ -  arc cos n - -  

P(MOn arc tg B (Mx)], (9) 

1 [ 1 IM, 
(M~, F,) = ~ -  arc tg C~ (M~-~-~ + 2n- arc cos n - -  

P~n (M0 arc tg B~ (M0 ], (10) 

~(M3, F~)=---~I [--~ arcc~ arcx 

• tg S (Ma) - -  I (M3) arc tg E (M~)], (11) 

(M3, F2) = 

= 1 _  [I (M3) arc tg E (M3)+arc tg G (M3)], (12) 

(M3, F1) = 

= l [ a r c  tg H(M3)--N(M3)arc tg S(M3)] ,  (13) 

where  

V 
C(M~) -- IM~ (MIEF~; i = I, 2); 

VY:~ s 

In, V l - - n  s 
D (M~) = ~ , ; 

" 2 ( 1 - - n ) + / ~ ,  

B (M,)= ] / /  t;~ ~ + ( i + , 0  2 l / - -  

z lM. --? 2 
K(Ms) = ~ ,  

P (M,) Iza. (l~ + n~ - -  1) .- 
I / ( l~,  § nS+ 1) s -  4n 2' 

i 2 2 n  ' 

E (M9 = 1 / -  z;. + (1 + ore) s x 
V l :u ' + (1 - -  PM,)~ 

x ~ I / P M ' + n + I  1 / - l+nI / -P 'u~- -n  ; 

1 /  l~. + (PM, + n) s 1 . 
S (Ms) 

V l~,. + (r~M. - -  ,,.)2 11 (M3) ' 

H (M3) = V / PM, + n,. 
PM~ - -  n 

V(p~, +l~ + 1)s- 4p~i; 

P ~  + l ~ __ n 2 
N (M3) 

V (p~1-t-I 2 -~- n3)~--4n 2 PM~2 " 

The quant i t ies  AI(M2), BI(Mi) , Cl(Mi), DI(M2) , 
KI(M2), and Pl(Mi) in f o r m u l a s  (5)-(10)  a r e  d e t e r -  
mined us ing  e x p r e s s i o n s  obtained,  r e spec t i ve ly ,  f r o m  
the va lues  fo r  A(M2), B(Mi), C(Mi), D(M2), K(M2), 
and P(Mi) by subst i tut ing I - l M for  l M. 

The d imens ion l e s s  p a r a m e t e r s  (n, l)  of the s y s t e m  
and the d imens ion l e s s  coord ina tes  of the point  M, at  
which the emi t t ing  e l emen t  dF  is  located,  a r e  defined 
as fol lows:  n = r l / r  2 is  the ra t io  of the radi i  of the 
inner  and ou te r  cy l inders ;  l = L / r2  is the d imens ion -  
l e s s  length of the cy l inders ;  L is  the cy l inder  length; 
lM = zM/r2  is the d imens ion l e s s  va r i ab le  coord ina te  
of the point  M along the g e n e r a t r i x  of the cy l inder ;  
z M s the va r i ab l e  coordinate  of the point M reckoned  
a long the  g e n e r a t r i x  f r o m  the end face  3; PM = xM/r2  is 
the d imens ion l e s s  va r i ab le  coord ina te  of the point M 
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a long  the  r a d i u s  of the end face ;  and x M is  the  v a r i a b l e  
c o o r d i n a t e  of the  po in t  M r e c k o n e d  a long  the  r a d i u s  of 
the  end f ace  f r o m  i t s  g e o m e t r i c  c e n t e r .  

D e t e r m i n a t i o n  of the  a v e r a g e  a n g u l a r  r a d i a t i o n  
coe f f i c i en t s .  In the  s y s t e m  in  q u e s t i o n ,  " t h e r e  a r e  
13 a v e r a g e  a n g u l a r  r a d i a t i o n  c o e f f i c i e n t s  s u b j e c t  to 
d e t e r m i n a t i o n ,  r e l a t e d  by  the  fo l lowing  f o u r  c l o s u r e  
and s ix  r e c i p r o c i t y  e q u a t i o n s :  

qh~+tha+%~=l ;  qha==O, '} 

q~-t- %~ + ~3  + (P~-~ = 1, I (14) 

~.i~§ 3=I; %s 0, 

q~ F1 = q%i F~; %~ Ft = (Pat Fa; r F~ = %t P-; 

%~ F~ = %~ F:~; q:o.,l F~ = r F~; %~ F~ = ~P=t~ F.l. (15) 

M o r e o v e r ,  we  have  t h e  fo l lowing  e q u a t i o n s  d e r i v e d  

f r o m  the  s y m m e t r y  c o n d i t i o n s :  914 = gol3~ 9~4 = ~o23; 
931 = 941, 942 = ~032, 9s4 = 94~, of wh ich  on ly  the  f i r s t  
two a r e  i n d e p e n d e n t ,  t he  r e s t  b e i n g  s i m p l e  c o r o l l a r i e s  
of the  r e c i p r o c i t y  e q u a t i o n s .  In fac t ,  s i n c e  F s = F4, 
f r o m  r e c i p r o c i t y  eq u a t i o n s  of the  f o r m  ~ol2Fl = 9.MF3, 

gOl4F1 = 94iF4i 923F2 = qo32F3, 924F2 = 942F4 we o b t a i n  

r _ %1. %3 _ r 
, (16) 

Since  by  s y m m e t r y  914 = 9i~; 924 = 92~, f r o m  r e l a t i o n s  
(16) we f ind 9 ~  = 94/i 9az = 942. M o r e o v e r ,  f r o m  the 
r e c i p r o c i t y  equa t i on  9~4F3 = ~a~F 4 i t  fo l lows d i r e c t l y  

t ha t  9~4 = 9 ~ .  
Thus ,  b e a r i n g  in  m i n d  tha t  fo r  the  s y s t e m  i r l q u e s t i o n  

we have  t h r e e  c l o s u r e  e q u a t i o n s *  and  s ix  r e c i p r o c i t y  
e q u a t i o n s ,  t o g e t h e r  wi th  two i n d e p e n d e n t  eq ua t i ons  
wh ich  fo l low f r o m  the  s y m m e t r y  co n d i t i o n s ,  we c o n -  
c lude  tha t  to c a l c u l a t e  a l l  13 a v e r a g e  a n g u l a r  r a d i a t i o n  
coe f f i c i en t s ,  we m u s t  have  a v a i l a b l e  two c o m p u t a t i o n a l  
e x p r e s s i o n s  for  the  m i s s i n g  p a i r  of the  13 c o e f f i c i e n t s .  

E x p r e s s i o n s  fo r  f ive  d i f f e r e n t  ( p r i n c i p a l )  a v e r a g e  
a n g u l a r  r a d i a t i o n  coe f f i c i en t s  a r e  p r e s e n t e d  be low.  
T h e r e f o r e ,  t h r e e  c l o s u r e  o r  r e c i p r o c i t y  e q u a t i o n s  a r e  
a v a i l a b l e  fo r  check ing  the  n u m e r i c a l  c a l c u l a t i o n s .  

The  e x p r e s s i o n s  fo r  the  a v e r a g e  a n g u l a r  r a d i a t i o n  
coe f f i c i en t s  o b t a i n e d  by  the  c l a s s i c a l  i n t e g r a l  m e t h o d  
[2] have  the  fo l lowing  f o r m :  

1( 
%1 = - -  2n arc tg c + e arc tg b - -  

1 - - n  ~ ~ l  arc cos n ) ,  (17) - - I  arc tg f - -  2 

x arc tg a--2n arc tg--2c ) ,  (18) 

1( 
% 3 = - ~ - -  V P - t - 4  arc tg a - e  arc tg b + 

1 - -  n ~ ) 
arc tg f -  2n arc tg d- - - - - /  arc cos n , (19) 

l 2 

1 _1 [arctgc+~n (earctgb_ 

, )] arc tg f - - - -  arc cos n , (20) 
1 2 

%a ---- 1 - -  2~-arc tg f - -  
7~ 

l [n--~(2narctgc+earctgb-- 
1 - -  n ~ 

1 ~ 4  a r c t g a - - n  a r c t g 2 )  ], (21) 
2 

w h e r e  

a ~ V - - -  4 V  1 l . 
l + - ~  ~ - - - 1 ;  c =  V . T - - _ ~  , 

V P + ( ! + n ) ~  l / ~ - - - n ;  
b =  / 2 + ( 1 - - n ) ~  V i + n  

2 ( 1 - -  n ~) + 12; 

e = ~ -  l / (P + n ~ + 1)2 __ 4n~; f = - -  n 

The r e s u l t s  of  n u m e r i c a l  c a l c u l a t i o n s  of the  a v e r -  
age  a n g u l a r  r a d i a t i o n  coe f f i c i en t s  for  v a l u e s  of the  
p a r a m e t e r s  1 = 1, 2, 4 and  n = 0.01; 0.1; 0.251 0.5 a r e  
p r e s e n t e d  in  the t a b l e .  

In  the  l i m i t  as  n = r l / r  2 --* 0 the  c o e f f i c i e n t s  912, 
913, 921, and 931 b e c o m e  m e a n i n g l e s s ,  s i n c e  in  th i s  
c a s e  we a r r i v e  at  the e s s e n t i a l l y  d i f f e r e n t  p r o b l e m  of 
r a d i a t i v e  hea t  t r a n s f e r  i n  a r a d i a t i n g  s y s t e m  c o m p o s e d  
of a c y l i n d e r  of f in i t e  l eng th  c o n s i s t i n g  of t h r e e  zones  
(two b a s e s  and  a l a t e r a l  s u r f a c e ) . * *  

Our  i n v e s t i g a t i o n  can  s e r v e  as  a b a s i s  for  a b r o a d e r  
and  m o r e  g e n e r a l  r e s e a r c h  i n v o l v i n g  the  d e t e r m i n a -  
t i on  of l oca l  and a v e r a g e  a n g u l a r  r a d i a t i o n  coe f f i c i en t s  
and  the  v a r i o u s  e n e r g y  c h a r a c t e r i s t i c s  of r a d i a t i v e  
hea t  t r a n s f e r  [6]. 

N u m e r i c a l  Va lues  of the  A v e r a g e  A n g u l a r  
R a d i a t i o n  Coe f f i c i en t s  

@ik 
l n ~'~12 ] IP13 it21 [ @22 ~23 } cP31 ] eP32 ~34 

0.01 
0.1 
0.25 
0.5 

0.01 
0.1 
0.25 
0.5 
0.01 
0.1 
0.25 
0.5 

I 
0.503 ] 0.249 
0.528 I 0.236 

0.574 0.213 
[0.674 t 0.163 

,0.706 [ O. 147 
[0.72610.137 
0.760 O. 120 

10.82610.087 
0.845 0.078 

10.8571 0.072 
[0.875 0.063 
I 0.910 0.045 

0.005] 0.379 
[0.053 0 352 
t 0.143 0.308 
10.33710.229 

i o,oo7 0.581 
] 0.073[ 0.536 
O. 190 [ 0.460 

i0.4131 0.329 
i o,oo8 } 0.757 
[ 0,0801 0,693 
0.21910.587 

[0.4551 0.406 

I 0.308 1 0.0051 0.616 
0.298 0.048 0 602 
0.275 0.114 0.587 

i 0.217 1 0.2!7 1 0.579 
i 

0.206 [ 0.006 t 0.824 
I 0.1961 0.0551 0.792 
0.1751 0. 1281 0.747 

i 0.129 1 0.2321 0.688 
0.118 [ 0.006 t 0.944 

0.111 I 0.058 I 0.897 
0.097 I O. la4 I 0.828 
0.069 [ 0.2401 0.740 

0.379 
0. 350 
0.299 
0. 204 

0.170 
0.153 
0.125 
0.080 
0.050 
0.045 
O, 038 
0.020 

*By v i r t u e  of the  s y m m e t r y  cond i t i ons ,  t h e r e  i s  no 
d i f f e r e n c e  b e t w e e n  the  c l o s u r e  e q u a t i o n s  93t + 932 + 
+ 934 = 1 and 94t + 942 + ~P~ = I, 

**This kind of problem was considered in detail in [7]~ 
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NOTATION 

L is the length of the cylinders; r 1 and r 2 are the 
radii of the inner and outer cylinders, respectively; n 
and l are the dimensionless parameters  of the radi-  
ating system; F i is the area of the surface i; dFi is the 
area element of the surface i; ~(Mi, Fk) is the local 
angular coefficient of radiation from the area element 
dFi at the point Mi onto the finite surface Fk; elk is 
the average angular coefficient of radiation from the 
surface Fi onto the surface Fk. 
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